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Abstract 

In this article, we consider the following boundary value problem for a class of 
analytic functions defined in a domain ( ) ,,0 aR ×=Ω  where R is the real line 

and .0>a  The boundary value of the function ( ) ( )iyxfzf +=  when +→ 0y  
is a distribution. 

1. Introduction 

The boundary value of the considered functions will be the 
distributions of the following spaces: D′  the space of the Schwartz 
distributions on SR ′,  the space of tempered distributions and 

distributions of the space RO ∈α′α ,  introduced by Bremermann [1]. 

Let ( )zf  be a given function defined in the domain ,Ω  suppose that 

there are real numbers 0≥M  and s such that 

( ) ( ) ., Ω∈+=≤+= − iyxzMyiyxfzf s   (1) 
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For such a function ( ),iyxf +  we shall prove that converges in 

distributional sense to the distribution ( )0⋅+ ixf  as .0 +→y  

First, we will prove the following lemma: 

Lemma 1. Let ( )iyxf +  be analytic function in the domain Ω  and 

satisfies condition (1). 

If ,0 21 ayy <<<  then holds the relation 

( ) ( ) ( ) ( ) ( ) ( ) ,21 ∫∫∫∫ +ϕ=ϕ+−ϕ+
GRR

dxdyiyxfxidxxiyxfdxxiyxf  (2) 

for DD,∈ϕ  is the space of test functions. 

Proof. Let ,D∈ϕ  then there is an 0>r  such that supp [ ]., rr−⊂ϕ  

Now we will apply the Green’s theorem to the functions 

( ) ( ) ( ) ( ),,, yxiyxfxyxP Q=+ϕ=  

on the rectangle [ ] [ ]21,,: yyrrG ×−  in Ω  

( ) ( ) ∫∫∫ 





∂
∂−

∂
∂=+

∂ GG

dxdyy
P

xdyyxdxyxP ,,, QQ  

where G∂  is the boundary of the rectangle G, 

( ) ( ) ( ) ( ),iyxfxiyxfxx +′ϕ++ϕ′=
∂
∂Q  

( ) ( ).iyxfxiy
P +′ϕ=
∂
∂  

( ) ( ) ( ) ( ) ( ) ( )dyiyrfrdxiyxfxdxiyxfx
y

y

r

rG

+ϕ−+ϕ=+ϕ ∫∫∫
−∂

2

1

1  

 ( ) ( ) ( ) ( ) .
2

1
2 dyiyrfrdxiyxfx

y

y

r

r
+−−ϕ−+ϕ− ∫∫−  
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Since ( ) ( ) ,0=−ϕ=ϕ rr  we have that the above integral is equal to 

( ) ( ) ( ) ( ) .21 dxiyxfxdxiyxfx
r

r

r

r

+ϕ−+ϕ ∫∫
−−

 

Of course, we may write ( ) ( ) ( ) ( ) .21 












+ϕ−+ϕ ∫∫

∞

∞−

∞

∞−

dxiyxfxdxiyxfx  

( ) ( ) ( ) ( ) ( ) ( )dyiyrfriyxfxdyiyxfx
y

y

r

rG

+ϕ+⋅+ϕ=+ϕ ∫∫∫
−∂

2

1

01  

( ) ( ) ( ) ( ) .00
2

1

2 =+−−ϕ−⋅+ϕ− ∫∫
−

dyiyrfriyxfx
y

y

r

r

 

Replacing in the Green’s formula, we obtain 

( ) ( ) ( ) ( )dxxiyxfdxxiyxf ϕ+−ϕ+ ∫∫ 21  

( ) ( ) ( ) ( ) ( ) ( )[ ]∫∫ +′ϕ−+′ϕ++ϕ′=
G

dxdyiyxfxiiyxfxiyxfx .  (3) 

Let us now consider the integral 

( ) ( ) ( ) ( )∫∫ ∫∫ +ϕ′=+ϕ′
−G

r

r

y

y

dxiyxfxdydxdyiyxfx .
2

1

 

After partial integration in the integral 

( ) ( ) ,dxiyxfx
r

r

+ϕ′∫
−

 

we give the integral 

( ) ( )∫∫ +′ϕ−
G

dxdyiyxfx ,  
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if we replace in (3), we obtain 

( ) ( ) ( ) ( )dxxiyxfdxxiyxf ϕ+−ϕ+ ∫∫ 21  

( ) ( ) ( ) ( ) ( ) ( )[ ]∫∫ +′ϕ−+′ϕ++′ϕ−=
G

dxdyiyxfxiiyxfxiyxfx  

( ) ( ) ( ) ( )∫∫∫∫ +ϕ′=+′ϕ−=
GG

dxdyiyxfxidxdyiyxfxi .  

Thus, we can write 

( ) ( ) ( ) ( ) ( ) ( ) .
2

1

21 dxdyiyxfxidxxiyxfdxxiyxf
y

y

+ϕ′=ϕ+−ϕ+ ∫∫∫∫
∞

∞−

∞

∞−

∞

∞−

 

The proof is done. 

In the sequel, we shall prove the following theorem: 

Theorem 1. Let ( )iyxf +  is analytic function in the domain Ω  and 

satisfies condition (1), then  

( ) ( ) ( ) ( ) ,,0lim
0

>ϕ⋅+=<ϕ+∫+→
xixfdxxiyxf

y
exists for ,D∈ϕ  

and ( )0⋅+ ixf  is a distribution of .D′  

Proof. Since ( ) sMyiyxf −≤+  thus for any fixed ,0>y  the function 

( )iyxf +  relative x is a regular distribution, and consequently, in view 

[9], it is sufficient to prove the existence of the limit 

( ) ( ) .for,lim
0

Ddxxiyxf
y

∈ϕϕ+∫+→
 

Let ,0 21 ayy <<<  then by Lemma 1, we have 

( ) ( ) ( ) ( ) ( ) ( ) .
2

1

21 dxdyiyxfxidxxiyxfdxxiyxf
y

y

+ϕ′=ϕ+−ϕ+ ∫∫∫∫
∞

∞−
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Now 

( ) ( ) ( ) ( ) ,
2

1

dyiyxfdxxdxdyiyxfx
y

y

+ϕ′=+ϕ′ ∫∫∫∫
∞

∞−

 

( ) ( ) .
2

1

2

1

2

1
s

y

y

y

y

y

y y
dyMdyiyxfdyiyxf ∫∫∫ ≤+≤+  

Case (i) If ,1<s  then the function sy
1  is locally integrable and thus 

as ,0, 21 +→yy  then the integral dyy s
y

y

−∫
2

1

 tends to zero, consequently, 

we have 

( ) ( ) ( ) ( ) ( ) .
2

1

21 dyydxxdxxiyxfdxxiyxf s
y

y

−∫∫∫∫ ϕ′≤ϕ+−ϕ+  

Since ( ) ,∞<ϕ′∫ dxx  by using the Cauchy criterion, we conclude that 

( ) ( )dxxiyxf
y

ϕ+∫+→0
lim  

exists. 

From this, we have that  

( ) ( )0ixfiyxf +→+  as +→ 0y  in D′   

sense. 

Case (ii) Let .1=s  Consider first the function 

( ) ( ) ( ) ,
0

1 ζζ=ζζ= ∫∫
γ

dfdfzf
z

z

 

where γ  is a suitable path, see the figure 
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000 iyxz +=  and .iyxz +=  

For our purpose, we may take that 0yy ≤  since .0+→y  

Now 

( ) ( ) ( ) .
0

0

01 dtitxfidtiytfzf
y

y

x

x

+−+= ∫∫  

Since 

( ) ,loglog11
0

0
0

0
1

0

0

yyy
xxdttdtyzf

y

y

x

x

−+
−

=+≤ ∫∫  

we have 

( ) ( ) ( ) ( )dxxiyxfdxxiyxf ϕ+−ϕ+ ∫∫ 21  

( ) ( )dxdyiyxfxi +ϕ′= ∫∫  

( ) ( )dxdyiyxfxi +′ϕ′= ∫∫ 1  
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( ) ( ) ( ) ( )













+ϕ ′′−ϕ′+= ∫∫

−
− dxiyxfxxiyxfdyi

r

r

r
r 11  

( ) ( )[ ]dxiyxfxdyi +ϕ′′−= ∫∫ 1  

( ) ( ) .1

2

1

dyiyxfdxxi
y

y

+ϕ′′−= ∫∫  

( ) ( ) ( ) ( )dxxiyxfdxxiyxf ϕ+−ϕ+ ∫∫ 21  

( ) ( )dyiyxfdxx
y

y

+ϕ′′= ∫∫ 1

2

1

 

( ) .loglog 0
0

0
2

1

dyyyy
xxdxx

y

y




 −+

−
ϕ ′′≤ ∫∫  

We may assume that ( )1,min ay ≤  and we have 

( ) ( ) .loglog
2

1

120120













−−⋅+−−⋅ϕ ′′ ∫∫ ydyyyyyydxxxx

y

y

 

Since ( ) ∞<ϕ ′′⋅−∫
−

xxx
r

r
0  and log y is locally integrable, we conclude as 

in the Case (i) that exists 

( ) ( ) ( ) ( ) .for,,0lim
0

Dxixfdxxiyxf
y

∈ϕ>ϕ⋅+=<ϕ+∫+→
 

For ,1>s  by induction, one can verify the existence of the limit 

( ) ( ) ( ) ( ) .for,,0lim
0

Dxixfdxxiyxf
y

∈ϕ>ϕ⋅+=<ϕ+∫+→
 

So, we proved for real s that ( ) ( )0ixfiyxf +→+  in D′  as .0+→y  
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2. Let now assume that .S∈ϕ  Also, we will prove that the relation 

( ) ( ) ( ) ( ) ( ) ( )dxdyiyxfxidxxiyxfdxxiyxf
y

y

+ϕ′=ϕ+−ϕ+ ∫∫∫∫
∞

∞−

2

1

21  

holds. 

Proof. The proof is similar. Let G be the rectangle [ ] [ ]21,, yyrr ×−  

in .Ω  Then we apply the Green’s theorem to the functions ( ) =yxP ,  

( ) ( ) ( )yxxiyxf ,Q=ϕ+  on G. Then in the same way as in the case of D, we 

obtain the following relation: 

( ) ( ) ( ) ( )dxxiyxfdxxiyxf
r

r

r

r

ϕ+−ϕ+ ∫∫
−−

21  

( ) ( ) ( ) ( ) ( ) ( ) .
2

1

2

1

2

1

dyiyrfrdyiyrfrdxdyiyxfxi
y

y

y

y

y

y

r

r

+−−ϕ−+ϕ++ϕ′= ∫∫∫∫
−

 

Now 

( ) ( ) ( ) ( ) ( ) ( ) .and
2

1

2

1

2

1

2

1
s

y

y

y

y
s

y

y

y

y y
dyrdyiyrfr

y
dyrdyiyrfr ∫∫∫∫ −ϕ≤+−−ϕϕ≤+ϕ  

If ,1<s  then 0
2

1

→∫ s

y

y y
dy  as ,0, 21 +→yy  also if ,∞→r  then ( )rϕ  and 

( ) .0→−ϕ r  So, we can first assume that ∞→r  and we give 

( ) ( ) ( ) ( ) ( ) ( ) .
2

1

21 dxdyiyxfxidxxiyxfdxxiyxf
y

y

+ϕ′=ϕ+−ϕ+ ∫∫∫∫
∞

∞−

 

Finally, since 

( ) ( ) ( ) ,
2

1

2

1
s

y

y

y

y y
dydxxdyiyxfdxx ∫∫∫∫ ⋅ϕ′≤+ϕ′

∞

∞−

∞

∞−
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and since 

( ) ,∞<ϕ′∫
∞

∞−

dxx  

we conclude, as in the case of D, that 

( ) ( ) ( ) ( ) .for,,0lim
0

Sxixfdxxiyxf
y

∈ϕ>ϕ⋅+=<ϕ+∫+→
 

Further, since ( ) ,y
Miyxf ≤+  we have that ( ) ,Siyxf ′∈+  and from the 

completeness of ,S′  we conclude that ( ) ( )0⋅+→+ ixfiyxf  in S′  as 

.0+→y  Similarly follows for every .Rs ∈  

3. In this section, we consider the space RO ∈αα ,  and refer to the 

following theorem: 

Theorem 2. Let ( )zf  be analytic in the open upper half plane +Λ  

with ( ) 





= zOzf 1  as ∞→z  in .+Λ  If ( )iyxf +  converge to the 

boundary value ( )0⋅+ ixf  in D′  as ,0+→y  then 

(i) ( ) α′∈⋅+ Oixf 0  for all ;0<α  and 

(ii) ( )iyxf +  converge to ( )0⋅+ ixf  in the α′O  topology as ,0+→y  

.0<α  Additionally, if ,01 <α≤−  we have that 

(iii) ( )
( )







<

>+
>=

−
⋅+<

π .0,0

,0,1,02
1

y

yiyxf

ztixfi  

This important result in the boundary values problems in the theory of 
distributions is given in [2]. 

Here, we assume that the function ( )zf  is analytic in the open upper 

half plane +Λ  with the following properties: 
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(a) ( ) 





= zOzf 1  as ∞→z  in .+Λ  

(b) ( ) sMyiyxf −≤+  in some strip ( ) .0,,0 >× aaR  Then, we state 

the following theorem: 

Theorem 3. Let ( )zf  be analytic in +Λ  with properties (a) and (b). 

Then as ,0+→y  the function ( )iyxf +  

(i) converges in D′  to the distribution ( );0⋅+ ixf  

(ii) converges to ( )0⋅+ ixf  in α′O  topology, for .0<α  Additionally,  

if ,01 <α≤−  we have that 

(iii) ( )
( )







<

>+
>=

−
⋅+<

π .0,0

,0,1,02
1

y

yiyxf

ztitfi  

The function ( )zti −π2
1  for Im 0≠z  is the Cauchy kernel. 

Proof. The proof immediately follows from Theorem 1 and Lemma 2. 
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